We present virial coefficients of up to fifth order computed by Mayer-sampling Monte Carlo for several truncated-and-shifted Lennard-Jones potentials. We employ these coefficients within the virial equation of state to compute vapor-branch spinodals and critical points for each potential considered. We find that truncation distances of 5.0σ and higher yield values in significantly better agreement with those of the unmodified potential than those resulting from the more commonly used truncation distances of 2.5 and 3.0σ. We also employ these virial coefficients to examine the perturbed virial expansion method of Nezbeda and Smith for estimating the critical point. We find that the first-order perturbation performs well in characterizing the effect of potential truncation on the critical point for the truncation distances considered, with errors in critical temperatures ranging from -3 to +2% and errors in critical densities about constant at -22%. Addition of higher-order terms to the perturbation treatment brings it closer to the behavior given by the virial equation of state, which at fifth order underestimates the critical temperatures by 2 to 4% and the critical densities by 20 to 30%. Keywords: Equation of state; Virial coefficients; Truncated-and-shifted Lennard-Jones potential; Mayer sampling; Monte Carlo method; Molecular modeling; Thermodynamics.
It is well known that these apparently minor modifications to the potential have a significant impact on fluid properties. For example, truncation at 2.5σ and shift results in a critical temperature about 17.8% lower than that of the unmodified potential 1 . This change can be mitigated through the application of correction terms after the simulation is completed, and in this manner the net effect of truncation and shift can be made of the same magnitude as other finite-size effects, as noted by Kolafa and Nezbeda 2 .
Our understanding of how these minor modifications to the potential result in dramatic changes to the fluid properties is incomplete. As can be inferred from the pressure equation for pairwise additive, spherically symmetric potentials (Eq. (3)), truncation of the pair potential eliminates contributions to the pressure from attractive interactions beyond the cutoff, and it introduces an impulsive contribution at the cutoff, where the potential steps to zero 3 . The impulsive contribution would offset in part the repulsive effect of truncation on the pressure, but it is eliminated by the shift. The shift further affects the pressure by altering the radial distribution function, g(r), within the truncation radius -thereby changing the number of interactions that contribute to the pressure. 
To examine more closely how changes in the description of the interactions alter the pressure, we consider the virial equation of state (Eq. (4)). As cluster integrals over configuration space, the virial coefficients, B n , provide a cumulative measure of how truncation and shift affect molecular interactions within groups of n molecules at different temperatures. The second virial coefficient, B 2 (Eq. (5)), is the simplest coefficient to calculate and to interpret with regard to truncation and shift. We observe that the change in the Lennard-Jones B 2 after truncation (B 2 LJT -B 2 LJ ) and the change after shift (B 2 LJTS -B 2 LJT ) are roughly equal (within 25% at kT/ε = 0.7 for truncation at 2.5σ) and both decrease and become more similar with increasing temperature and truncation distance. Higher-order B n are generally much more sensitive to shift than truncation, as the high connectivity of the diagrams makes configurations with long separation distances between pairs relatively unimportant.
Schultz and Kofke 4 have computed Lennard-Jones virial coefficients up to B 8 . The Lennard-Jones seventh-order virial equation of state (LJ-VEOS7) yields a critical temperature in perfect agreement with the currently accepted value, 1.313(1) 5 , and LJ-VEOS5 yields a critical temperature of 1.291, differing by only 1.7% from the currently accepted value. Thus, we expect that VEOS5 for an LJTS model would yield a reasonable estimate of the critical temperature and afford a means to examine the known effects of uncompensated truncation and shift upon it.
Here, we present virial coefficients of up to fifth order for several LJTS potentials. We employ these newly computed coefficients to estimate the critical temperature through the virial equation of state and the perturbed virial expansion (pVE) proposed by Nezbeda and Smith 6 . As seen in Eq. (6), the perturbations take the form of n-th order virial contributions, such that pVE1 considers the difference of reference and target second virial coefficients, pVE2 the difference of the second and third virial coefficients, etc.
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We employ the hard-sphere equation of state of Boublik and Nezbeda 7 as the reference with a hard-sphere diameter equal to the Lennard-Jones σ. Using a temperature-dependent hard-sphere diameter, Nezbeda and Smith 6 found LJ-pVE1 and LJ-pVE2 to yield good estimates of the critical temperature, kT c /ε, of 1.27 and 1.28, respectively.
EXPERIMENTAL
In this work, we consider LJTS models with truncation distances of 2. The important regions of configuration space for Lennard-Jones and truncated-andshifted Lennard-Jones are similar even at low temperatures, making direct sampling feasible. In this case, the LJ coefficient is used as the reference quantity and the absolute value of its integrand as the sampling weight. The MSMC method is conducted in an infinite volume having no boundary, so sampling based on an untruncated potential introduces no complication. Moreover, it permits consideration of multiple LJTS potentials during a simulation: at each accepted configuration, the potential can be perturbed to as many LJTS potentials as desired. This constitutes a significant advantage over overlap sampling, in which a separate calculation is required for each truncation distance.
We have found that there is little difference in cpu time per step in calculations employing overlap sampling and direct sampling. Direct sampling within this context also provides the benefit of significantly lower standard errors when covariance is considered as the LJ and LJTS potentials yield highly correlated values at each configuration. This benefit increases with the truncation distance, as the LJ and LJTS potentials become more similar.
We have applied this direct-sampling approach to compute the B 4 
RESULTS AND DISCUSSION

Virial Coefficients
In Tables I-IV, we present values of second, third, fourth, and fifth virial coefficients, respectively, and in Fig. 1 , we plot the results. The lines are values interpolated using the method of Schultz and Kofke 12 .
Across the temperature range and orders considered, there are significant differences between the LJ values and those of LJTS2.5 and LJTS3.0. The behavior of B 5 for these shorter truncation distances is particularly extreme. As the truncation distance increases, the LJTS values converge to those of LJ, but the rate of convergence is slower for the higher-order coefficients. This is understandable, in that the larger the number of molecules (the more pairs there are), the more the differences in the description of the pair interaction should manifest themselves. In lower temperatures. Convergence to the LJ values with increasing truncation distance is generally slower for lower temperatures, though this is harder to deduce from the plots as the scale exaggerates differences close to zero. As the temperature increases, the short-range repulsive part of the potential becomes more important, diminishing the effect of truncation and shift on B n .
Sampling Efficiency
One would expect that the longer the truncation distance is (the more similar the LJTS and LJ potentials are), the more efficient the direct-sampling calculation would be. This is what we observe for second through fifth virial coefficients, as can be seen in Fig. 2 . In each subplot, the magnitude of the contribution to the standard error of a coefficient resulting from the ratio computed by MSMC is shown, divided by the value of the coefficients; in these subplots, we neglect the uncertainties in the reference values. 5 do not include the additional four hundred runs at reduced temperatures between 1.0 and 1. 4 As the truncation distance increases, these contributions to the standard error drop by orders of magnitude for all but B 2 . It appears that increasing the truncation distance from 2.5 to 5.0σ, for example, has a larger impact on sampling efficiency for B 3 , B 4 , and B 5 than it does for B 2 , further demonstrating that B 2 is less sensitive to truncation and shift. For B 4 and B 5 , the standard errors resulting from the ratio computed by direct sampling drop well below the standard errors of the reference value: for these coefficients, the precisions we report in the tables and Fig. 1 are limited by that of the reference value.
Vapor-Branch Spinodals and Critical Points
We employ the computed virial coefficients within the virial equation of state and the perturbed virial expansion. The resulting spinodals are determined by locating zeros of the first derivative of the pressure with respect to density, and the critical points by locating the density at which the second derivative is also zero. In cal points of LJ 5 , LJTS2.5 1 , LJTS3.5 1a , and LJTS5.0 13 are included on the plot. In addition, we present critical points estimated using the first-, second-, third-, and fourth-order perturbed virial expansions. Nezbeda and Smith 6 report critical points for LJ-pVE1 (kT c /ε = 1.27 and ρ c σ 3 = 0.249) and LJ-pVE2 (kT c /ε = 1.28 and ρ c σ 3 = 0.252) that agree well with our values for LJ-pVE1 (kT c /ε = 1.2704 and ρ c σ 3 = 0.24848) and LJ-pVE2 (kT c /ε = 1.2817 and ρ c σ 3 = 0.2511) computed with a constant hard-sphere diameter of σ. We observe that as the truncation distance decreases, the VEOS5 spinodal temperatures at a given density decrease, while the spinodal densities at a given temperature increase. This is in accordance with our expectations that, for a more repulsive potential, vapor should be metastable or stable over a wider range of conditions. As observed for the virial coefficients, the LJTS spinodals converge to that of LJ-VEOS5 as the truncation distance increases. However, apparent convergence to the LJ-VEOS5 spinodal across the range of conditions is not observed until a truncation distance of about 8.0σ. This is sensible, in that the spinodals reflect not only the temperature dependence of the virial coefficients but also the density dependence of each order's contribution, which is magnified on differentiation. The higher the density, the more the differences in the virial coefficients at a particular temperature should manifest themselves.
The spinodal of LJTS5.0-VEOS5 achieves good agreement with that of LJ-VEOS5 up to about half of the critical density, a region in which the fourth and fifth virial coefficients are likely unimportant. The VEOS5 critical temperature of LJTS5.0 differs from that of LJ by an amount almost five times smaller than the LJTS3.0 result does and more than eight times smaller than the LJTS2.5 result does, as shown in Table V . We observe the same for the pVE1 estimates of the critical temperature, shown in Table VI .
To estimate the uncertainty in VEOS5 critical properties resulting from that in the measured coefficients, we use the following scheme: for each order of virial coefficient, a Gaussian distribution for the virial coefficient is created with a standard deviation of the coefficient's standard error (in the case of B 4 and B 5 ) or its convergence error (in the case of B 2 and B 3 ). The distribution of each coefficient is sampled to generate a possible VEOS5, and the critical properties of this VEOS5 are computed. Performing the operation one hundred times for each potential model, we have noted that there is a bias in the distribution of critical temperatures and densities such that the average of the distribution is often smaller than the value computed with the average virial coefficients, which we consider to be our best estimate. This bias becomes worse as the truncation distance decreases. For that reason, the standard deviations we compute are relative to the best es-timate and not the average of the distribution. These standard deviations are the uncertainties we report in Table V. We must also consider the uncertainty associated with interpolation between the temperatures where the coefficients are evaluated. Values for B n LJ have been computed previously at a density of temperatures about five times that considered here, and the critical property values presented in Table V are computed from these values. Interpolating between only the temperatures employed in this work yields critical properties (kT c /ε = 1.2909(3) and ρ c σ 3 = 0.26120(18)) with sampling-scheme uncertainty estimates that are about the same as the differences from the critical properties computed with less interpolation. Thus, we conclude that interpolation between increments of kT/ε = 0.1 is largely sufficient for the unmodified potential. However, the fifth virial coefficient for the LJTS2.5 and LJTS3.0 models varies more widely in between 0.9 and 1.2, such that interpolating between increments of kT/ε = 0.1 might not be sufficient. Removing half of the temperatures below kT/ε = 1.6, either odd or even, we observe that a very conservative estimate of the uncertainty would be as much as an order of magnitude larger than the uncertainties we report in Table V . Truncation and shift is known to suppress the critical temperature but not alter the critical density. The fourth columns of Tables V and VI compare the VEOS5 and pVE1 critical temperatures and densities to true values for the respective potentials available in the literature. Agreement with the true critical temperatures of LJTS2.5, LJTS5.0, and LJ is within a few percent for both approximations. Remarkably, the pVE1 estimate of the critical point of LJTS2.5 is superior to the estimate of VEOS5. The pVE1 values correctly capture the temperature trend as well as the insensitivity of the critical density to the truncation distance (although the value of the critical density is inaccurate). One can show that the critical density of pVE1 is indeed independent of truncation radius, and the critical temperature can be obtained by solving for the temperature at which B 2 for the truncated potential equals B 2 for the untruncated potential at its critical temperature (i.e., B 2 LJTS (T c LJTS ) = B 2 LJ (T c LJ )). VEOS5 captures the suppression of critical temperature with decreasing truncation distance, but the predicted critical densities diminish systematically with the truncation distance and at a rate greater than could be explained by uncertainties due to standard error in the coefficients or the interpolation scheme. Moreover, higher-order pVE estimates generally do not improve upon the accuracy of pVE1: these appear to converge to the values obtained by VEOSn rather than the true critical points. Addition of higher terms to the expansion diminishes the significance of the reference hard-sphere system (as it is systematically removed with each added term), and makes the perturbation model increasingly like the virial equation it- self. Nevertheless, the reference system can retain its relevance at densities higher than considered here. The accuracy of a critical point obtained at a given order by either treatment appears to diminish as the truncation distance decreases. In Fig. 4 , we plot the vapor-branch spinodals of VEOS3, VEOS4, and VEOS5 for LJTS2.5, LJTS3.0, and LJ as well as the corresponding critical points predicted by the analogous perturbed virial expansions (pVE2, pVE3, and pVE4, respectively). Increasing the truncation distance from 2.5 to 3.0σ to ∞, the significance of the fifth-order VEOS contribution diminishes, as demonstrated by the respective percent differences in the critical temperature (-6.7, -6.2, -2.4%) and the critical density (1.8, 1.7, 0.6%). This larger fifth-order contribution for LJTS2.5 and LJTS3.0 is likely the result of their lower spinodal temperatures, where the virial coefficients are generally larger and more negative.
Though we do not observe convergence, it is possible that the accuracy of the critical points to which both treatments converge diminishes as the truncation distance decreases. The pVE critical points appear to converge more quickly than those of VEOSn: for each potential, the critical point of pVE2 is much closer to that of pVE4 than the critical point of VEOS3 is to that VEOS5. The pVE perturbs from a reference of hard spheres, while the VEOS perturbs from the ideal gas; thus we may consider that the pVE has a better starting point for the perturbation.
CONCLUSIONS
Truncation and shift result in a more repulsive pair potential, and thus virial coefficients that are generally more positive, especially at low temperatures. The higher the order of a virial coefficient (the more pair interactions it describes), the more sensitive it is to modification of the pair potential. As higher-order interactions become more relevant, either upon increasing the order of a virial coefficient or increasing the density at which a bulk property is evaluated, one should expect differences in values computed from LJTS and LJ potentials to increase. As much is observed here for the spinodals computed from VEOS5: as the density increases, LJTS-VEOS5 spinodals of increasing truncation distance peel away from the VEOS5 spinodal of the unmodified potential. The VEOS5 spinodals for the popular truncation distances of 2.5 and 3.0σ begin to differ markedly from that of LJ well below a third of the critical density, and ultimately result in VEOS5 critical temperatures that are 20 and 12% lower, respectively.
The critical points of the virial equation of state and the perturbed virial expansion appear to be converging to similar values that are not coincident with the true critical point, or at least not with the true critical density. The perturbed virial expansion considered here appears to be converging more rapidly, most likely because it is perturbing from a more accurate reference (hard spheres) than the virial equation of state is. The ability of both treatments to predict the critical point appears to diminish as the truncation distance decreases, though they capture the correct trend of shorter truncations suppressing the critical temperature. The perturbed virial expansion (except at first order) and the virial equation of state do not demonstrate the insensitivity of the critical density to truncation distance. 
